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Abstract. In this paper, we start by proving the existence of the strict 
transform of a positive current T as soon as its j th currents, Tj, axe 
plurisubharmonics or plurisuperharmonics. Then, with a suitable con- 
dition on Tj, we show the existence of the directional tangent cone to 
T. In the particular case, when T is closed, we give a second condition 
independent to the previous one. 

Existence du cone tangent directionnel a un courant positif. 
Resume. Dans la premiere partie de cet article, on montre l'existence du 
relevement d'un courant positif T, par un clatement de centre lisse, des 
que ses j eme courants Tj soient plurisousharmoniques ou plurisurhar- 
moniques. Ensuite, avec une condition supplementaire sur les courants 
Tj, on prouve l'existence du cone tangent directionnel a T. Dans le cas 
particulier ou T est ferme, une deuxieme condition independante de la 
premiere sera donnee. 



1. Introduction 

We are interested to the problem of the existence of the strict transforms of 
positive currents and the problem of the existence of the directional tangent 
cones to positive currents. These two problems are closely related, especially 
in the case of positive closed currents. 

For the second problem, it is well known that the tangent cone to the cur- 
rent of integration, over an analytic set, exists and coincides with the current 
of integration over the geometric tangent cone. This result had been proved 
by Thie in 1967 and King in 1971 . In the other side, Kiselman [8] in 1988, 
gave an example of a positive closed current of bidegree (1,1) which has not 
a tangent cone. It is therefore natural to find a sufficient condition for its 
existence. Based on the construction of Kiselman which use essentially the 
projective mass of the current, Blel, Demailly and Mouzali [2] have given two 
independent conditions where each one ensure the existence of the tangent 
cone to a positive closed current. Recently, Haggui [7] has shown that one 
of these conditions remains sufficient even for the case of positive plurisub- 
harmonic currents. This result has been found and generalized by Ghiloufi 
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and Dabbek [lj in the case of a positive plurisubharmonic (psh) or plurisu- 
perharmonic (prh) current. 

For the first problem, Giret [6] has given, in 1998, some estimates of the 
projective mass of a positive closed current which allows him to give a suf- 
ficient condition for the existence of a strict transform of a positive current. 
Using Raby's and Babouche's works, j9j [T] on the problem of restriction 
of a positive closed current on hyper surf aces, Giret gave a link between the 
existence of directional tangent cone and the strict transform of this current. 

The basic purpose of this work is to study the existence of the directional 
tangent cone and the strict transform of positive psh or prh currents. 
In the hole of this paper, we consider n, m, p G N such that < p < n. 
We use (z, t) to indicate an element of := C™ x C m containing 0. Let 
O := Oi x Q 2 be an open subset of C N and B be an open subset of £l 2 . 
We assume that there exists R > such that {z G C n ; \z\ < R} x B 
is relatively compact in Vt. For < r < R and r\ < r 2 < R, we set: 
B n (r) = {z G Qi; \z\ < r}, B„(ri,r 2 ) = {z G fii; r% < \z\ < r 2 } and 
B m (r) = {t G n 2 ; \t\ < r}. 

To simplify the notation, we set (3 Z := dd c \z\ 2 , fit := dd c \t\ 2 and a z := 
dd c \og \z\ 2 . 

Let T be a positive current of bidegree (p,p) on 0. The directional Lelong 
number of T with respect to B is defined, when it exists, as the limit, 
z^(T, B) := lim r _j.o+ v{T, B, r) where v (T, B, .) is the function defined by 

u(T, B, r) := [ T A ^ A fiT ■ 

In the particular case m = 0, we omit B in previous notation and to make 
a distinction, we note ^T( r )> ^t(O) to indication respectively classical pro- 
jective mass and Lelong number of T at 0. 
The following lemma will be useful: 

Lemma 1. ( Lelong- Jensen formula) (See [3] ) Let S be a positive psh or 
prh current of bidimension (q,q) on the ball M n (R) of C n with < q < n. 
Then for any < r\ < r 2 < R, 

vs{r2) - vs(n) 

= / S A a% + I 2 I ^ L) sds / ddC>S A PI' 1 

+ rid,/ *rs apt 1 - 

\ r l '2 / J »n(s) 
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According to Lemma [U if S is a positive psh current then v$ is a non- 
negative increasing function on ]0, R[, therefore the Lelong number us{0) : = 
lim r ^o+ v s{r) of S at exists. 

For a positive prh current one has the following result: 

Proposition 1. (See [5\) Let S be a positive prh current of bidimension 
(q,q) on the ball M n (R) of C n , < q < n. We assume that S satisfies the 
condition (Co) given by 

(Co) : / as > — oo 

Jo s 

for < ro < i?. Then, the Lelong number vs(0) o/ 5 af exists. 
Proof. For < r < R, we set 

am r\M r ( s2q ^ v j^Ma 

A s (r) = i/ s (r) + y - 1 1 ds. 

The function As is well defined and non-negative on ]0, In addition, by 
the Lelong- Jensen formula, it's easy to show that this function is increasing 
on ]0, R[, hence the existence of the limit I := lim r __ !> o+ Ag(r). Condition 
(Co) and the fact that (s q /r q — 1) is uniformly bounded give 

Iim n^^)-^M ds=0 . 

r^0+J \r 2q J s 
So, £ = lim r - >0 + Ag(r) = lim r ^ + u s {r) = us(Q). □ 

We end this part by recalling the Demailly's Inequality which will be 
useful in the proofs of various results in this paper: 
// 

S = 2- q i q2 ^ S U dw i A d ™J 

\I\ = \J\=q 

is a positive (q,q) — current, then for all (Ai,...,A n ) s]0, +oo[ ra we have 

where Xi = A^.-.A^ when L = (ix, ...,i q ) and the sum is taken over the set 
of q-index Jtjj = {M; \M\ = q, IdJcMclLi J}. 



2. Strict transform of a positive current 

Let C N [{0} x C m ] := {(z,g,t) eC"x P™- 1 x C m ; z G g} be the blow-up 
of C N = C n x C m with center L := {0} x C m and vr : C N [{0} x C m ] —> C N 
be the canonical projection defined by tt(z, q, t) = (z, t). Let T be a positive 
current on C . We try to find a positive current T on C^jO} x C m ] such 
that 7r*T = T; a such current, if it exists, will be called the strict transform 
of T. If m = 0, it was shown (See [4]) that this strict transform exists in the 
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case of positive psh currents or positive prh currents satisfying Condition 
(Co). That's why we will consider the case m^O. In this case Kiselman [8] 
had shown that this strict transform may not exists. We try to find some 
sufficient conditions on T to ensure the existence of its strict transform. We 
define the current Tj as Tj := J M T A f5™~ 3 for any integer < j < m. 
The current Tj is positive of bidimension (n — p + j,n — p + j) on C n where 
(p,p) is the bidegree of T. We assume that the currents Tj are psh or prh 
satisfying Condition (Co), so the Lelong number ut 4 (0) of Tj at exists; this 
number will be called the j Lelong number of T at 0. 



Theorem 1. Let T be as above. Assume that for j G J\ (resp. j G J2), the 
current Tj := J B ,-,T A f5\ is plurisubharmonic (resp. plurisuperharmonic 
satisfying Condition (Co) ) for every a > where J\ U J2 = {0, m}. Then 
the strict transform of T exists, furthermore, there exists a constant c > 
such that for every < r < R, one has 



in 



(JWJIIfr-HOMO \ {0}) x M m (a)}) 
< cjr (\u Tj (r) - ^.(0)1 + C x {r)v Tj {r)) - C 2 (r) ^ f ^^M d s. 

where d{r) = ^=1 ' r 2k and C 2 (r) = J2k=o r2k 

This Theorem generalizes a result of Giret where he considered the case 
J2 = (all Tj are psh). 

Proof. Let u be the Kahler form of C N [{0} x C m ]. We have: 
(tt^) n -p = ({J t + {J z + a z ) N - p 

N-p 

= ^C^ p (A + /3 2 ) fc Aaf-^ fc 

k=0 

N—p I min(m,fc) \ 

= Y. C n-p\ E Aa 

fc=0 \ j=0 J 

It is therefore sufficient to control the integrals: 

T A of - p ~ k A P k z ~ j A Pl 



N-p-k 

z 



l (£,r)xB m (cr) 

for any integers < k < N — p, < j < min(fc, m) and < e < r. 

For < k < N — p and < j < mm(k,m), the Lelong- Jensen formula 
applied to T m _j A f3 z ~ J gives: 
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(2.1) 

T A ol N z - p - k A P k ~ j A ft 



n (e,r)xB m (cr) 
1 



r 2 ^ N P fc ) JK n (r)xB m (a) 



1 



e 2(N-p-k) 



1 (e)xB m (cr) 
„2(N-p-j) 



I S 2(j-fc) r 2{N-p-k) J s 



o(N-p-j) 



Vdd c Tm-A S ) 



-e 



' 7o ' e 2(JV-p-fe) 

If j G Ji , Equality 12.11 gives 



JB n (e,r)xB m (cr) 

< r 2 ^V ro _,.(r)-e 2 ^'W -(e) 



a 2(JV-p-*)\ ^e T .( S ) 



o y 
If j ' £ J2 , Equality 12.11 gives 

„(e,r)xB m (<r) 

< r 2 ^u T . (r) - r 2 ^') f v J^M_ ds 

Jo s 



e u Tm _.{€) + j^s yi e2(N _ p _ k) j s as. 

Taking the limit when e goes to 0, we deduce that the current Tr*(T\Q^ L ) 
has a locally finite mass in a neighborhood of points of E = tt~ 1 (L). More 
precisely, there exists a constant c such that 

||7r*(I| nxI; )||(7r- 1 {(Bn(r) \ {0}) x M m (a)}) 



< 



C 2 (r)J o ds. 



j=0 

3&J2 
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Then the trivial extension T of tt* (T\q^l) by zero over it 1 (L) exists. The 
current 7r*T — T is C— flat of bidimension [n + m — p,n + m — p) on 
supported by {0} x C m , hence it vanishes by the support theorem. □ 

Remark 1. Let T be a positive current with support in the stripe VL\ x 
B m («ro). 

(1) If T is plurisubharmonic then T has a positive strict transform. 

(2) If T is plurisuperharmonic and Tj = J fi ,s T A ft™" 3 satisfy Con- 
dition (Co), < j < m, then T has a positive strict transform. 



3. Directional tangent cone to a positive current 

In this section we denote by Tj := J B T A fi™~ 3 where B is an open set of 
C m . 

Definition 1. Let T be a positive current on an open set VL of = 
C ra x C m . The directional tangent cone to T is the weak limit, if it exists, 
of the family (h a k T) aeC as a — > where h a is the directional dilatation on 
defined by h a (z,t) = (az,t). 

The main result of this paper is the following: 

Theorem 2. Let T be a positive current of bidegree (p,p) on $7. We assume 
that for any integer < j < mm(m,p), the current Tj is psh (resp. prh 
satisfying Condition (Co) ) and 

/ — dr < +oo. 

Jo r 

Then the directional tangent cone to T exists. 

We start by giving some results useful for the proof of this theorem. 

Remark 2. Let T be as above and B an open set of C m , then for all integer 
< j < m, the current Tj is positive, of bidimension (n — p + j,n — p + j) 
on C n and one has: 

KTj = {h*T)j. 

In fact, we can assume, without loss of generality, that T is C°°. Then 

k[ta f^~ 3 = kpu (t a ar j k^B) 

where 

pi : C n x C m — > PxC m 
(z,t) ■— ► (z,Q). 
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One has 

Kpu (t a PT~ 3 \c^b) = (fci)*pi* (t a C~ j |c«xs) 

= (pi°^iJ \T /\ ft™'* \c«xB 
= (hi °Pl) (t A /3™ _j, | c «xB 
p u (^TA/3 t m_i |c«xB) 



□ 

Lemma 2. Lei T be a positive current of bidimension (p,p) on an open 
set of C" x C m . VFe assume that the current Tj is psh for j € J\ and 
prh satisfying Condition (Co) for j € Ji where J\ U J2 = {0, min(m,p)}. 
Then there exists c > suc/i t/ia£ 
(3.1) 

\ i=o ieJ 2 ,/0 Vo / 

/or |a|r < ro- 
Proof. For r > 0, we have 

min(m,p) 

/ ft*T A (/3 2 + fit) N ~ p = £ C&_ / KTAft-^Aflr*- 

JM n (r)xB j=Q JM n (r)xB 

Furthermore, if j € Ji then Vh*Tj( r ) = I/ T J -(| a l r ) < z / T J (?""o) f° r r < m < 
min(l, W). It follows that: 

ft*T A /?r P+i A /3r~ j < r 2( - n - p+j ^ T , (ro) < r 2 ^V. (r ). 
If j £ J2 then using the proof of Proposition HJ we have 

-, 1 — , / 7t*T A /3™- p+i A /3r~ j < A h *T (r) < At (r ). 

It follows that 

h* a T A /3™- p+j A ^ m ~ J < r 2{n ~ p) A Ti (r ) . 



,(r)xB 

The result follows by summing on j from to min(m,p). □ 

According to the previous lemma the mass h*T converges in a neigh- 
borhood of (0,t), then the sequence h*T converges on if and only if it 
converges on a neighborhood of (zQ,t) where zq € C™ \ {0}. 
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Using a dilatation and changement of coordinates if necessary, we can as- 
sume that (zo,t) = (0, z^,t) where \ < \z® \ < 1. We use the projective 
coordinates: 

w\ = — , ...,w n = z n 



T = Tu^KLdwi A dwj A dtx A dti 



I,J,K,L 



h a will be written as: h a : (w',w n ,t) h-» (w',avu n ,t). We check that the 
coefficients Tf JKL of h*T are given by: 



rpa 

1 IJ,KL 



Tij,kl{w', w n , t) if n £ I and n J 

o Tu : kl(w' ,w n ,t) if n G I and n J 

a Tu t KL(w' ,w n ,t) if n g" I and n G J 

o| 2 Tij^kl{w' ', w n ,t) if n G I and n G J 



Lemma 3. Zei U be a neighborhood of zq G C n suc/i i/iai U xB C B n (|, 1) x 
5. // «;e note, /or every integer < jf < m, 6y 

TTj (r) = (r) - ^ (r/2) and 7 dd c Tj (r) = i/ dd c Tj (r) - v dd c Tj (r/2) 

£/ien /or |a| < ro, ro < R, there exists C\^C2,C^ > such that the measure 
Tj JKL satisfies the following estimates: 



( Ci 



UxB 



\T?j,kl\ < < 



C2^2lT 3 i\a\) +idd-T J (\a\ 

j=0 



C3 ( +7«w=T J (|a| 



£/ n G / and n G J 
£/ n £ I or n £ J 



Proof. 



The set £/ is compact and the positive form /3 is C°°, so one has: 
/? > C4dd c |u;| 2 on [7. The inequality ()3.ip . with r = 1, implies: 

/ Tm m — C5 • The Demailly's inequality with the choice 
JUxB 

Ai = ... = Ajv = 1, gives 



UxB 



\T a I < 



^ £ / ■ 



The first estimate of the lemma is proved. 

To proof the second estimate, we observe that a > CV/3' on U with 



/?' = dd c \w'\ 2 . In fact, a = dd c log(l + \w'\ 2 ) > - n^F^/ 3 ' > -J 

(1 + 4 
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on U. It follows that: 



/ E T ^,m = / KT A {dd°\u/\* + 

JUxB n£M JuxB 

m 

< C 8 V / h* a T A 0? L - j A a n ~ p ^ 
j=0 JUxB 

m ,. 

< C 8 V / h*T A ^ m_j A a n - p+J . 

■ =0 Vb„ (1/2,1) xB 



Using Lelong- Jensen formula for Tj = j B T A (3™ 3 , r2 = 1 and 
7T = 1/2, one has: 



/ /i*T A A a n ~ p+j 

JB„(l/2,l)xB 

< ^(|a|) - ^r,(|a|/2) - ^ - l) ^"W^Wd* 



2 



< u Tj (\a\) - u Tj (\a\/2) - £ u _^IiMl dt + jf* ^-i^. (| a | t ) di 



< (u Tj (\a\) - u Tj (\a\/2)) + C 9 (i/ dd c T . (\a\) - u dd o T .(\a\/2)) 

< C 8 j T A\a\) + Cgj dd c T (\a\). 



Hence 



„ m 

/ £ T^ M < EC 87T .(|a|) + C 97dd c T .(|a| 



The second estimate is proved for n € M. 

In the general case, I, J 3 n, using the Demailly's inequality for 
Ai = ... = Xjy = 1, we obtain: 



X 



\T?J,KL l<Cio £ / ^ )M <C 2 E(7T,(H)+7^ T .(|a|)) 



17x5 MeJKu,KL JUxB 3=0 



Hence we get The second estimate. 
• For the third estimation, it suffices to assume that n € / and n J. 
Using the Demailly's inequality again with = 1 for every k ^ n 
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and A n > 0, one has: 



UxB 



< Cll / I X] T M,M + A n X] T M,M 

JUxB \n£M(LJt U)KL neMe«du,KL 
m 

< C 12 + C 13 A^( 7T .(|a|)+ 7 ^(|a|)). 

j=0 

The third estimate can be deduced by choosing 



An 



v i=o 



□ 



Lemma 4. fSee [2jj Lei f be a C 2 function defined on the pointed disc 
®*(0) r o) C C. VFe assume that f is bounded and there exists a measurable 
function u :]0,ro] — > M + where J^ r\ log r\u(r)dr < +oo and |A/(a)| < 
u(|a|). Then /(a) has a limit when a goes to 0. 

3.1. Proof of Theorem [2J, The proof of the main theorem will be done in 
the case of positive psh currents, the case of positive prh currents is similar 
with some simple modifications, that's why we assume that T is positive 
psh. The lemma [3] shows that the mass of Tf JKL goes to when n € / or 

iieJ. 

For n £ I = {ii, ..,i q } and n G" J = {ji, ..,j q >}, let ip G V{U x £?). We set 



fu,KL{a) = / Tj JKL (w,t)<p(w,t)dT(w,t) 
'UxB 

Tu t KL{w', aw n ,t)(p(w, t)dr(w, t). 

UxB 

The function f IJtKL is C°° on B*(0, R) := {a G C; < |a| < i?} and bounded 
in a neighborhood of 0. We have: 

d 2 fu ) KL l , f | ,2d 2 Ti JKL , 

(a) = / |iw n | -^(w ,w n ,t)(p(w,t)dT(w,t). 



dada JuxB dw n dw n 
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We observe that the coefficients dwjtj{ n } A dwju{n} A dtx A dtj in the ex- 
pression of dd c T is 



(dd c T) IU{ 

n}JU{n},KL 

( lW d2TlJ > KL + ST V( l y+s+k d ' lT I{k)J{s),KL 



dw n dw n f-*^ dw ik dWj 
k=l s=l K J 

d 2 T IJ{ s),KL sr^, t\k-l d 2 Tl(k)J,KL 



dw n dw js dw ik dw n 

p-qp-q' o2 T r , 

e=le'=l ^te^V 

P— 9' f>2rp p-q pQrr 

ST^ { .y'-q' I UU{n},KL J ^ O +Iu{n}J,K e L 



with J(fc) = J \ {4} U {n}, J(s) = J \ {j s } U {n}, K e = K \ {i e } et 
L e / = L \ {j'e'}. The previous equality gives: 



JUxB \ a \ 

p-qp-q' 1 , 2 02 
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The lemma [3] gives: 
d 2 fu,KL, 



< 



dada 

m 
j=0 



'-(a) 



3=0 



7T 7 (|a|) +7dd c T,(|a|) 



Tr,(M) +7drf c T,-(|a| 



3=0 ^ 



CV(|a|). 



According to lemma [U the function fij t KL,(a>) has a limit at if if) satisfies 

r \ log r\ip(r)dr < +oo. 
It's easy to check that there is equivalence between 

Jo ^ r 1 

J0 3=0 



\ogr\dr < +oo 



and 



n> ™z, T ( r ) -i^.(O) 

> — ar < +oo 



3=0 



V jV ; dr < +oo. 



3=0 



These conditions are exactly the assumptions of the main theorem. So we 
conclude that 



(3.2) 



ro ^ lT 3 {r) + ldd-T 3 {r) 

y — 1 logrjar < +oo. 



3=0 



Using Cauchy-Schwarz's Inequality, Equation (13. 2f) gives 

to , 

J 7Tj (r) + IddPTj (r ) | log r \ dr 

rr ° TrAr) + 7dd c T i (r) ll 



< 





' rro \ 




/ r log r\dr I 







1/2 



< +00. 



It follows that: 

pro 

/ r\ log r|V'(r)dr < +oo 
•/ o 

This completes the proof of the main theorem. 
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3.2. Case of closed currents. In the case of positive closed currents, one 
has a second condition which ensures the existence of the tangent cone, and 
it is given by the following theorem, where we use the following lemma to 
show it: 

Lemma 5. (See [2] ) Let g be a C 1 function defined on the pointed disc 
D*(0, ro). We assume that it exists a measurable function u :]0, rp] — > M+ 
satisfying u(r)dr < +oo such that: \dg(a)\ < u(\a\). Then g{a) has a 
limit when a goes to 0. 

Theorem 3. Let T be a positive closed current of bidegree (p,p) on an open 
set f2 of C n x C m . We assume that for all integer j € [0, m] the current Tj 
is closed and 

— dr < +oo. 



o 



r 

Then the directional tangent cone to T exists. 
Proof. We set 



fu,KL{a) = / T? JKL (w,t)<p(w,t)dT(w,t) 
'UxB 

Tu,kl(w', aw n ,t)<p(w, t)dr(w, t). 

UxB 

By derivation under the integral sign one has: 

dfu,KL, s f dT IJKL , , , u , ,> 

-(a) = / w n — (w ,aw n ,t)cp(w,t)dT{w,t) 



da J UxB n dw,_ 

dfu,KL, s. f _ 9T IJKL , 

— — — (a) = / w n -(w ,aw n ,t)Lp(w,t)dT(w,t). 

da J UxB dw n 

The coefficient of dwjyj^ A dwj A dtx A dti in dT is given by 

/ ,- ]< j dT IJ,KL , . k - 1 &Tl{k)J,KL / , )k -l dT IU{n}J,K e L 

{ ' dw n ^ 1 ' dw ik ^ K ' dt ie 

l<k<q k l<e<p-q 

With I(k) = (I\ {i k } U {n}), and K e = K\ {i e }. 
This coefficient vanishes because dT = and one has 

Tu t KL{w' \aw n ,t) = a~ 1 Tf JtKL {w,t). 

It follows that 



dT U ,KL 



(w',aw n ,t) 



dw n 

1 F)T a i BT a 

a ^ { ' dw ih a L> 1 ' dti 

l<k<q k l<e<p-g 
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By substituting this relation in the integral one has and a by inte- 

gration by parts we obtain: 



df. 



IJ,KL 



k+q-1 



Oa 



1 Em 

l<k<q 

+- E M 



w T a 9(f 
n I(k)J,KL q 

UxB aw ' 



. q+e-1 



l<e<p— q 



dr(w, t) 
dtp 



W nT? u{n}J , KeL7 —dT(w, t) 
UxB at i e 



Naturally we have: 
dflJ.KL 



da 



1 £ { _ iy+ q-l f ^ 

Oj — ITIvfl 
KKq Juxa 



w+e'-l 



9^9 



!7xS 17 ''Je' 



dr(w, t) 



a< q ■" A " 

l<e'<p-g' 

The function ip and its derivatives are bounded on U x B. The lemma [3] 
gives the following estimate 



dflJ.KL 



da 



+ 



9flJ,KL 



da 



1 



i=0 



According to lemmaO the function Jij.kl has a limit at and the directional 
tangent cone to T exists. □ 

Remark 3. The tow conditions of Theorems [2] and [3] are independent as it 
was shown in [21 rem 3.7]. 
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